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Abstract. Let p > 2 be a rational prime and K/Qp be an extension 
of complete discrete valuation fields. Let ^ be a truncated Barsotti- 
Tate group of level n, height h and dimension d over Ok with < d < 
h. In this paper, we show that if the Hodge height of Q is less than 
1)), then there exists a finite fiat closed subgroup scheme 
of G of order p""^ over Ok with standard properties as the canonical 



subgroup. 



1. Introduction 

Let p be a rational prime and K/Qp be an extension of complete discrete 
valuation fields. Let k be the residue field of K and e = e{K) be the absolute 
ramification index of K. Let Ok denote the ring of integers of K and put 
Ok = Ok/pOk- We fix an algebraic closure K oi K and let Vp be the 
valuation of K which is normalized as Vp(p) = 1 and extended to K. For 
a non-negative rational number i, we put = {a G Ok \ Vp{a) > i} and 
similarly for m^. 

Let E be an elliptic curve over Ok- By fixing a formal parameter of 
the formal completion of E along the zero section, we identify the group of 
p-torsion points E[p]{Ok) as a subset of m^. If the group E[p]{Ok) has a 
subgroup C of order p whose elements have valuations greater than those 
of the elements of E[p]{Ok) \ C, then the subgroup C is called the (level 
one) canonical subgroup of E. It was shown that the canonical subgroup of 
E exists if the Hodge height of E, namely the p-adic valuation of the Hasse 
invariant of E, is less than p/ (p+l), and based on this result, Katz studied a 
spectral theory of the Up operator for overconvergent elliptic modular forms 
(il4j). 

For a similar investigation of p-adic modular forms for general reductive 
algebraic groups, we need a generalization of the existence theorem of the 
canonical subgroup to higher dimensional abelian schemes over Ok- Such 
a generalization was first obtained by Abbes and Mokrane via a calculation 
of p-adic vanishing cycles of abelian schemes ([!])• Namely, for an abelian 
scheme A over Ok with relative dimension g, they found a subgroup of 
A[p](C'^) of order p^ in the upper ramification filtration {A[p]-'"'"(C'^)} if 
the Hodge height of A ([U Subsection 1.2]) is less than an explicit bound. 
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Their work was followed by many improvements and generalizations with 
various methods, such as [2], [7], [10], [H], [I7j, [19], [21] and especially [8] 
and p2]. 

In this paper, we prove an existence theorem of level n canonical sub- 
groups for p > 2, using a classification theory of finite flat (commutative) 
group schemes due to Breuil and Kisin ( [4] , [5] , [15] , [16] ) , and a ramification- 
theoretic technique developed by the author (|12j). 

Before stating the main theorem, we fix some notation. For a finite fiat 
group scheme G over Ok and its module of invariant differentials ug over 
Ok, write ujg ~ (BiOk / {ca) with some Oj G Ok and put deg{Q) = J2i'^pi^i)- 
We define the Hodge- Tate map 

HTi : GiOj^) ^ ujgv (g) OK/m^' 

by a; i-> {x'^)*{dt/t), where : t/^ x Spec(O^) — >■ fj,p is the dual map of 
X £ Q{Ok)- Let and Q^~^ {resp. Qi and Qi+) denote the upper [resp. 
lower) ramification subgroup schemes of Q (see [12]). Here we normalize the 
indices of the filtrations by multiplying the usual ones by l/e{K)^ so that 
these ramification subgroup schemes are compatible with any base change 
of complete discrete valuation rings. In particular, Qi is defined by 

g,{OK) = Ker(g(0^) ^ ^(O^/mf )). 

For a truncated Barsotti-Tate group Q of level n, height h and dimension 
d < h over Ok, let us consider its Cartier dual and thep-torsion subgroup 
scheme ^^[p]. Then the Lie algebra Lie(^^[p] x Spec(C)ii')) is a free Ok- 
module of rank h — d. We define the Hodge height Hdg(^) of Q to be 
the truncated valuation fp(det(Vgv[p])) € [0,1] of the determinant of the 
action of the Verschiebung Vgvjpj on this O/^-module. Note the equality 
Hdg(^) = Hdg(^^) (see for example [8i Proposition 2], where the Hodge 
height of Q is denoted by Ha(^) and referred as the Hasse invariant of ^). 
Then the main theorem of this paper is the following. 

Theorem 1.1. Let p > 2 be a rational prime and K/Qp be an extension of 
complete discrete valuation fields. Let Q be a truncated Barsotti-Tate group 
of level n, height h and dimension d over Ok with < d < h and Hodge 
height w = Hdg(^). 

(1) If w < l/(p"~^(p + 1)), then there exists a finite flat closed subgroup 
scheme Cn of Q of order p^"^ over Ok, which we call the level n 
canonical subgroup of Q, such that Cn x Spec{OK/m^~^ ^) coin- 
cides with the kernel of the n-th iterated Frobenius homomorphism 
F" o/g x Spec(C'x/m| ^^ ~ Moreover, the group scheme Cn 
has the following properties: 

(a) degiG /Cn) = w{p^- I) /(p-l). 

(b) PutC'n to be the level n canonical subgroup of Q"^ . Then we have 
the equality of subgroup schemes C'n = {Q /CnY , or equivalently 
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C„(C'^) = C'j^{Oj^)^, where ± means the orthogonal subgroup 
with respect to the Cartier pairing. 

(c) Ifn = l, then Ci = = gP-'/(P-^)+. 

(2) If w < (p — — 1), then the subgroup scheme Cn also satisfies 
the following: 

(d) the group Cn{Oj^) is isomorphic to (Z/p^Z)"^. 

(e) The scheme-theoretic closure of Cn{0 p^)[p'^] in Cn coincides with 
the subgroup scheme Ci of Q[p^] for 1 < i < n — 1. 

(3) If w < {p — l)/p"', then the subgroup Cn{Of^) coincides with the 
kernel of the Hodge-Tate map Y{Tn-w{p"-i)j{p~i)- 

(4) If w < l/(2p"'~^), then the subgroup scheme Cn coincides with the 
upper ramification subgroup scheme Q^^ for 

pw{p^ - l)/{p - if < j < p{l - w)/{p - 1). 

Moreover, we show that such Cn is unique ii w < p{p — — 1) 

(Proposition 14. 4p . Since the upper ramification subgroups can be patched 
into a family (see Lemma l4.5p . we also have the following corollary. 

Corollary 1.2. Let K/Qp be an extension of complete discrete valuation 
fields and j be a positive rational number. Let X be an admissible formal 
scheme overSpf{OK) which is quasi-compact and & be a truncated Barsotti- 
Tate group of level n over X of constant height h and dimension d with 
< d < h. We let X and G denote the Raynaud generic fibers of the 
formal schemes X and (5, respectively. For a finite extension L/K and 
X £ X{L), we put = 6 x^-j. Spf(OL), where we let x also denote the 
map Spf(OL) — 7- X obtained from x by taking the scheme-theoretic closure 
and the normalization. For a non-negative rational number r, let X{r) be 
the admissible open subset of X defined by 

X{r){K) = {x e X{K) j Hdg(S5,) < r}. 

Put ri = p/{p + 1) and rn = l/(2p"~^) for n > 2. 

Suppose p > 2. Then there exists an admissible open subgroup Cn of 
G\x{r„) such that, etale locally on X{rn), the rigid- analytic group Cn is 
isomorphic to the constant group {'L/p'^'LY and, for any finite extension 
L/K and x G X{L), the fiber {Cn)x coincides with the generic fiber of the 
level n canonical subgroup of (5x . 

Note that for a smaller range of w, Theorem II. II is also proved in [8] and 
[52] . The key idea of our approach is, firstly, to lift the conjugate Hodge 
filtration of Q x Spec(Oi<-) to the Breuil-Kisin module associated to Q. By 
an induction, it suffices to consider the case of n = 1. We may assume 
that the residue field k is perfect and that the group scheme Q is associated 
to a (^-module 9Jt over the formal power series ring k[[u\] via the Breuil- 
Kisin classification (see Section [2]). The Lie algebra Lie(^^) is naturally 
considered as a (^-stable direct summand of the (^-module Tl/u'^Tl. Then 
we show that the reduction modulo u^^^~'^^ of this direct summand lifts 
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uniquely to a (/9-stable direct summand of dJt. Our canonical subgroup is 
defined to be the finite flat closed subgroup scheme of G associated to the 
quotient of 9Jt by this direct summand. Its properties stated in Theorem ll.il 
follow easily from the construction, basically except the uniqueness and the 
coincidence with ramification subgroup schemes. The second key idea is to 
switch to a complete discrete valuation field of equal characteristic: From 
the (/9-module 9Jt, we can also construct a finite flat group scheme over 
k[[u]] ([9j). Then, by the main theorem of [i2\, the ramification subgroups 
of Q and T-L{D)V) are naturally isomorphic to each other. Moreover, it is also 
proved that reductions of G and 7i{Tl) are isomorphic as pointed schemes 
( \12i. Corollary 4.6]). These reduce proofs of the remaining properties of 
our canonical subgroup to an elementary calculation on the side of equal 
characteristic, which we can easily accomplish. 

Acknowledgments. The author would like to thank the anonymous referee 
for many helpful comments to improve the paper. 

2. Review of the Breuil-Kisin classification of finite flat 
group schemes and their ramification theory 

Let the notation be as in the previous section and suppose that the residue 
field k of K is perfect of characteristic p > 2. Let W = W{k) be the Witt ring 
of k and (p be the Frobenius endomorphism of W. Let us fix once and for all 
a uniformizer vr of if and a system {7r„}„£z>o p-power roots in K with 

TTo = TT and TT^^-^ = TTn- Put = K{-Kn) and iCoo = U-fr„. Let E{u) £ W[u] 
be the Eisenstein polynomial of vr over W and put cq = p^^E{0). In this 
section, we briefly recall a classification theory of Breuil ([4], [5]) and Kisin 
(|15j. [16]) of finite flat group schemes over Ok and their ramification theory, 
while we concentrate mainly on the p-torsion case. 

2.1. Breuil and Kisin modules. Put 6 = VF[[n]] and ©i = A;[[ti]]. The (p- 
semilinear continuous ring endomorphisms of these rings defined by n i— ?> 
are also denoted by (p. Then a Kisin module over © (of i?- height < 1) is 
an ©-module Tl endowed with a (/?-semilinear map (/Jgjj : Tl ^ Tl such that 
the cokernel of the map 1 (8> '■ ® ^tf,& — > 9Jt is killed by E{u). We 
write ip<j}i also as (p if there is no risk of confusion. A morphism of Kisin 
modules is an ©-linear map which is compatible with 93's of the source and 
the target. Then the Kisin modules form a category and this category has 
an obvious notion of exact sequences. We let Mod/^^ {resp. Mod^^) denote 
its full subcategory consisting of the objects whose underlying ©-modules 
are free of finite rank over ©1 {resp. 6). For a A;[[ti]]-algebra B, we write (p 
also for the p-th. power Frobenius endomorphism of B. Then we let Mod^^ 
denote the category of locally free i?-modules 9Jt of finite rank endowed 
with a (/?-semilinear map ip<xii : OJt — )• 971 such that the cokernel of the map 
l^ipm ■ B iS'<p,B SOT ^- 9JT is killed by E{u). 
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We also have categories Mod^^^ and Mod^^ of Breuil modules defined 
as follows. Let S be the p-adic completion of the divided power envelope 
of W[u\ with respect to the ideal {E{u)) and the compatibility 
condition with the canonical divided power structm'e on pW. The ring S 
has a natural filtration FiVS defined as the closure in S of the ideal gen- 
erated by E(uy /j\ for integers j > i. The (/3-semilinear continuous ring 
homomorphism S ^ S defined hy u is also denoted by ip. We have 

(p{Fil^S) C pS and put 931 = P~^^\pi\is- This filtration and the map ipi 
induce a similar structure on the ring Sn = S/p'^S. Note that we have 
ip{Fil^Si) = 0. Put c = ME{u)) € S^. Then we let 'ModJ^ denote 

the category of S'-modules Ai endowed with an S'-submodule Fil^AI con- 
taining (Fil^S')7V4 and a (^-semilinear map (fi^M '■ Fil^TW M satisfying 
(pi,M{sim) = c~^ipi{si)ipi^M{E{u)m) for any si € Fil^5 and m S A4. A 
morphism of this category is defined to be a homomorphism of S-modules 
compatible with File's and (fis. Note that this category also has an obvious 
notion of exact sequences. We drop the subscript M. of (fi^M if confusion 
may occur. We let Mody^ {resp. Mod^^) denote the full subcategory of 

'Mody^ consisting of the objects Ai such that Ai is free of finite rank over 

Si {resp. A4 is free of finite rank over S, A^/Fil^AI is p-torsion free) and 
the image 99i^_A4(Fil^7W) generates the S-module Ai. 

The categories of Breuil and Kisin modules are in fact equivalent. By the 
natural map © — )> S, we consider the ring S as an (3-algebra. We define an 
exact functor Mei-) ■ ModJ^^ ^°^]si putting Me{m) = S®^^e^ 
with 

Fil^MeCM) = Ker{S 0^,6 (Si/Fil^Si) (g)© Tl), 

If I : Fil^MeiTl) Fil^Si ^ '^^^ ^1 ^^,61 ^ = Me{^)- 

Then the functor M.q{—) is an equivalence of categories (|161 Proposition 
1.1.11]). We also have a similar equivalence for the categories Mod^g and 

ModJ^ (H Theorem 2.2.1]). 

2.2. Classification of finite fiat group schemes and ramification. Set 

Oj^ = Oj^/pOf^ and C to be the completion of K. Consider the ring 

R = \\m{dK Ofi i ), 

where every transition map is the p-ih. power map. For an element x = 
(xo,xi,...) G R with Xn € O/f, we put x^^'^ = lim^-^oo € Oc where 
lift of Xn in O/f . Then the ring is a complete valuation ring of 
characteristic p with valuation vr{x) = Vp{x^^^) whose fraction field Frac(i?) 
is algebraically closed, and the absolute Galois group Gk = Gal(^/i^) 
naturally acts on this ring. We put = {x ^ R \ vr{x) > i}. Define an 
element tt of i? with vrItt) = 1/e by vr = (tt, tti, 712, . . .), where we abusively 
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write TTn also for its image in O/f. The ring R has a natural ©-algebra 
structure defined by the continuous map & R which sends u to the 
element tt. Then we have the following classification theorem due to Breuil 
and Kisin. 

Theorem 2.1 ([4], [5], [15], [K]). There exists an anti- equivalence Gr(— ) 
from the category Mod^^ (resp. Mod^'^) to the category of finite flat group 

schemes over Ok killed by p (resp. Barsotti-Tate groups over Ok)- More- 
over, put Q{—) = Gr(A4g(— )). Then for any object 93t of the category 
Mod^g^ , we have a natural isomorphism of Gk^ -modules 

em : G{m){Oji)\G^^ ^ T^{m) = Rome,^{m,R). 

The anti-equivalence ^(— ) is compatible with Cartier duality in the fol- 
lowing sense. For an object Tl of the category Modjg^, we can define a 

natural dual object Tt^ (p], p]), as follows. Put 9Jt^ = Hom6(9Jt, ©i). 
Choose a basis ei, . . . , e/j of the free ©i-module Tl and let , . . . , e)( denote 
its dual basis. Define a matrix A € M/j(©i) by 

(fimiei,. . . ,eh) = {ei, . . . ,eh)A. 

The (/9-semilinear map y^gjjv : 93t^ 93t^ is defined to be 

W(er, . . . , e^) = (e^, . . . , el)iE{u)/co)CAr\ 

which is independent of the choice of the basis ei, . . . ,eh- Then we have a 
natural isomorphism of finite flat group schemes over Ok 

where V on the left-hand side means the Cartier dual (see |121 Proposition 
4.4]). This defines an isomorphism of G K^-i^odules 

6m : omnoR) ^ Gm''){OK) T^m^'). 

Let ©y be the object of the category Modjg^ whose underlying ©-module 

is ©1 and Frobenius map is given by ipQ^{l) = Cq^E{u). Then the natural 
pairing 

( , )srR : fUt X ajt"^ ^ ©^ 

induces a perfect pairing of Gi^-^-modules 

T^{m) X T^{m^) T^{&^), 

which is denoted also by ( , )m- This pairing fits into a commutative diagram 
of Gi^^ -modules 

gmio^) X Gimnoji) — -z/pz(i) 



T^m X r|(9K^) ^ T|(©r), 

where the top arrow is the Cartier pairing of ( [12^ Proposition 4.4]). 
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On the other hand, for a /c[[n]] -algebra B, we also have an anti-equivalence 
of categories 'H{—) from Mod^^ to the category of finite locally free group 
schemes Ti over B whose Verschiebung is zero such that the cokernel of 
the induced map Vhv : Lie(7^^)(P) ^ Lie(?^^) is killed by (|9, Theoreme 
7.4]). Note that the anti-equivalence 'H{—) commutes with any base change. 
Suppose that the S-module 971 is free of rank h. Let ei, . . . , e/i be its basis 
and put ip{ei, . . . , eh) = (ei, . . . , eh)A for some matrix A = (aij) E Mh{B). 
Then the group scheme T-L(pJt) is by definition the additive group scheme 
whose affine algebra is 

h h 

B[Xi,..., Xh]/{Xf - HiXj, ...,Xl-Y^ a,- 
i=i i=i 
Moreover, for the case B = k[[u]], we have a natural isomorphism of 
Gic^ -modules 

'H{m){R) Hom6,^(9?l,i2), 

by which we identify both sides. Hence we obtain the isomorphism of Gk^- 
modules 

We normalize the indices of the ramification subgroup schemes of HipJl) by 
multiplying the usual ones by 1/e, so that 

n{Tl)i{R) = KeT{'H{m){R) 'H{m){R/mf)). 

Then we have the following correspondence of ramification between the finite 
flat group schemes and ?^(9Jt). 

Theorem 2.2. Let 97t be an object of the category Mod^g^ . 

(1) ([1^ Theorem 1.1]) The natural isomorphism of Gk^c '''modules 

G{m)[OK)\G,^^n{m)(R) 

preserves the upper and the lower ramification subgroups of both 
sides. 

(2) ( \\.2\ Corollary 4.6]J By the k-algebra isomorphism k\^u^/P\\/ {u^) — > 
Oki/pOki sending n^l'^ to vri, we identify both sides of the isomor- 
phism. Then there exists an isomorphism of schemes 

g(m) X Spec{OKjpOK^) nim) x Spec{k[[u^^P]]/{u^)) 
which preserves the zero section. 

For a finite flat group scheme Q over Ok which is killed by p, the upper and 
the lower ramiflcation subgroups are in duality as in the following theorem. 

Theorem 2.3 ([2T], Theorem 1.6 or [8], Proposition 6). Let K/Qp be an 
extension of complete discrete valuation fields and G be a finite flat group 
scheme over Ok killed by p. For j <p/{p — 1), we have the equality 
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of subgroups ofG'^{Of^), where ± means the orthogonal subgroup with respect 
to the Cartier pairing and = l/(p — 1) — j/p. 

We insert here a lemma which gives an upper bound of the lower ramifi- 
cation for finite flat group schemes killed by p. For an extension lC/k{{u)) of 
complete discrete valuation fields, let Vu be the it-adic valuation on K, nor- 
malized as Vu{u) = 1. Let Q he a finite fiat generically etale group scheme 
over Oic ■ Fix a positive integer m and we normalize the indices of the ramifi- 
cation subgroup schemes of G by multiplying the usual ones by 1/m. Write 
ujg ^ (BiO)c/iai) for some G O/c and put deg{Q) = Yli "^uia-i) ■ In 
particular, for an object 9Jt of the category Mod^g^, we define deg{'H{Tl)) 
by putting m = e. 

Lemma 2.4. Let JC/Qp (resp. IC/k{{u))) be an extension of complete dis- 
crete valuation fields and G be a finite fiat generically etale group scheme 
over O/c killed by p. Then Gi = for any i > deg{G)/{p — 1). 

Proof. Let /C^^p be a separable closure of IC. We may assume (7(Oac=°p) = 
G{Oic)- For i as in the lemma, put x G Gi{0]c) and let l-L be the scheme- 
theoretic closure of the subgroup FpX C G{Otz) in G- Then we have deg('H) < 
deg(^). By the Oort-Tate classification ([20]), the affine algebra of T-i is 
isomorphic to the ring 0]c[X]/ {X'p — aX) for some a G Ojc with deg('H) = 
Vp{a) {resp. deg{'H) = m~^w„(a)). Hence we obtain = and x = 0. □ 

2.3. Hodge filtration and Breuil-Kisin modules. Finally, due to the 
lack of references, we explain how to decode the Hodge filtration, the Hodge 
height and the Hodge- Tate map for a truncated Barsotti-Tate group of 
level one over Ok from its corresponding Breuil-Kisin module. Put S^i = 
Spec(0/f) and Ei = Spec(S'i). Consider the big crystalline site with the 
fppf topology (=^i/-Ei)cRYS) as in [3]. For an fppf sheaf £ over Spec{OK), 
we let £i denote its restriction to Spec(Oi^) only in this subsection, and for 
an fppf sheaf T over Spec(C)i^), let T denote the associated sheaf on the 
site (o$^i/-Ei)cRYS ([3, (1.1.4.5)]). We also write the crystalline Dieudonne 
functor as D*(-) = S'xt]y,^^j^^{-,Oy^/Ei) (13 Definition 3.1.5]). Let Vu be 
the it-adic valuation on the ring k[[u]] with Vu{u) = 1, as before. By the 
/c-algebra isomorphism A:[[n]]/(n^) Ok sending u to vr, we identify both 
sides of the isomorphism. 

Lemma 2.5. (1) Let G be a truncated Barsotti-Tate group of level one 
over Ok o,nd A4 be the object of ModJ^ which corresponds to G via 
the anti- equivalence Gr( — ). Then there exist natural isomorphisms 
of Ok -'modules 

Fil^M/{Fil^S)M ojg,, M/Fil^M Ue{G^). 

(2) Let G be a finite flat group scheme over Ok killed by p and Ai be 
its corresponding object of the category Mod^^ . Then we have a 

natural isomorphism of Ok -modules Fil"'^7W/(Fil"'^S')A^ — T-wg^. 
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(3) Let 9Jt he an object of the category ModJ^^ . Then we have deg(^(9n)) = 

Proof. Let us consider the assertion ([l]). By [I3l Theoreme 4.4 (e)], we 
can find a Barsotti-Tate group T over Ok such that its p-torsion subgroup 
scheme T\p\ is isomorphic to Q. Let M be the object of the category ModJ^ 
corresponding to T and put Mi = Af/pM, which is naturally considered as an 
object of the category Mod^^. By the construction of the anti-equivalence 
(|15j). we have a natural isomorphism of exact sequences 

^ Fil^Mi/{Fil'^S)Mi ^ Mi/{Fil^S)Mi ^ M/FilWi ^ 

i i i 

" " 

ior, ^*0^i)6k " ^^^(^1 ) " 0' 

where I])*(Ti)q^ is the set of sections on the divided power thickening Ok — >■ 
Ok- Thus we also have the natural isomorphism 

^ Fil^M/{Fil^S)M ^M/{Fil^S)M ^M/Fil^M ^ 

i i i 

iog, ^*iOi)o^ Lie(gi^) 0. 

For the assertion ([2]), take a resolution 

of Q by Barsotti-Tate groups F and F' over Ok- Let Af and M' be the objects 
of the category Mody^ corresponding to F and F', respectively. Then we 
have exact sequences 

^ ojT' ojr ^ 0, O-^Af'-^M-^M-^O- 

By tensoring Ok to the first sequence and using the assertion ([T|) , we obtain 
an exact sequence 

FilW/(pFilW + (Fili5)AA') ^ FilW/(pFilW + (Fili5)A/') ^ ujg, 0. 
This and the second sequence induce the isomorphism Fil^A^/(Fil^S')7V4 — > 

For the assertion ([3]), choose a basis ei, . . . , e/^ of QJt and put 

(/7(ei,...,eh) = (ei, . . . ,e/i)A 

for some A £ M/i(A;[[it]]). Let u*^ , . . . , n'^'' be the elementary divisors of 
A, which satisfy < Sj < e for any i. Note that the matrix u^A~^ is 
contained in M/i(A;[[?i]]) and its elementary divisors are u'^~'^^, . . . , u^~'^^ . By 
the definition of the functor A4.g{—)^ we have the equality 

Fi\^MG{m)/{Fi\^S)Me{Tl) = Spane,((l ® ei, . . . , 1 ® eh)u^A-^). 
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Thus, by the assertion ([2]), we obtain an isomorphism 

Wg(OT)i -®iU^-''k[[u]]/u^k[[u\], 

which imphes the equalities deg(t/(9H)) = X^jC-'^Si = e^^Vn(det (/?). From 
the explicit description of the affine algebra of 'H{^) given before, we see 
that this is also equal to deg(?^(9Jt)). □ 



Let Q and M. be as in Lemma 12.51 ([T]) and set 9Jt to be the object of 
Modyg^ which corresponds to via the equivalence M.g{—). We let h and 
d denote the height and the dimension of respectively. Let ei, . . . , e/t be 
a basis of 5Jl and A be the element of M/i(A;[[n]]) with 

(^(ei, . . . ,e/i) = (ei, . . .,eh)A. 

We also put ajti = Tl/u''Tl and Fil^Srrti = (1 O ip){dK 
Then we have an isomorphism of Oj^-modules 



mi) c Til. 



we also have 



Prom Lemma 12.51 (fTI) and the definition of the functor Me{- 
natural isomorphisms of Oi^-modules 

Lie(6;i^) ^ M/YA^M YW^mi. 

Hence the O^-module Fil^QJti is free of rank h — d and each elementary 
divisor of the matrix A is either 1 oi u^. This implies that the O/i'-module 
9Jti/Fil^ani is free of rank d. 

Consider the diagram of O/^-modules 



Ok- 



K 



Ok 



mi 



mi)'^dK 



Y\]^m 



Ok 



Fil^OJti 



mi 



mi 



whose left horizontal arrows are surjections and right horizontal arrows are 
natural inclusions. The left vertical arrow is the map induced by the Frobe- 
nius Fg^ via the natural isomorphism M. — B*(C/i)(S'i — )• Ok) and the mid- 
dle vertical arrow is the map induced by the left vertical arrow. Lemma 12.51 
([1]) implies that the truncated valuation of the determinant of the latter map 



is equal to Hdg(^), since the natural isomorphism Hom(C/i,( 



Yi^{QX) 



takes the action of the Frobenius Fq^ on the left-hand side to the action of 
the Verschiebung Vgv on the right-hand side. We see that the outer square 
is commutative and thus the right square is also commutative. Hence we 
have an exact sequence 

^ Fil^Wli ^ 9Jli ^ 9Jti/Fil^9Jli ^ 

of the category ModJ^ with fp(det((/7pQigjjJ) = Hdg(^). 
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Let i < 1 be a non-negative rational number. Then the zeroth projection 
prQ : R — )■ Oj^ induces an isomorphism R/rn^ Of^/mj^, by which we 
identify both sides. Moreover, we also have natural isomorphisms 

Hom^^(Fil^Wti,i?/m|') ^ Hom^^.(Lie(^i^), ^ ojgw ® Oj^jm^. 

Lemma 2.6. Let Q he a truncated Barsotti-Tate group of level one over 
Ok and 9Jt be the object of Mod^g^ which corresponds to Q via the anti- 
equivalence Q{—)- Then the composite 

G{Ok) n{m){R) Rom^^{Fil^mi,R/m%') ujgv 

coincides with the Hodge-Tate map HTj for any i <1. 

Proof. For a sheaf S on the site (o?i/-Ei)cRYS> we let £^_^ denote the set of 

sections on the natural divided power thickening Oj^ O^- For a valued 
point X : Spec(0/f) — )■ G, we let rc^ : x Spec(O^) — > /ip denote its dual 
map. Since ^ is a truncated Barsotti-Tate group of level one, we have a 
commutative diagram 

Hom(]D)* (Z /pZ)^_ , D* (Z /pZ)^_ ) ^^-^ Hom(D* (^i , D* (Z /pZ)^_ ) 
i ; 

^*{l^p)n Z ^^*{G^)n 



where the vertical arrows are isomorphisms compatible with Hodge filtra- 
tions ([21 Proposition 5.3.6]). Put Ad = In particular, by Lemma 

12.51 ([1]) we also have a commutative diagram whose vertical arrows are iso- 
morphisms 

muis{M/VA^M, ^ Hom5(7W, 6^) 



Then HTi(2;) coincides with the image of the identity map on the upper left 
corner of the former diagram by the lower composite, which is contained in 
the submodule ujgw ® O^- 
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Now we consider a diagram 



Hom5(X,0^) 



muis{M/Vi\^M,dK) 



Hom6,^(9Jt, Ok) 



Hom^_(Fili9Jli,0;f). 



Here is the divided power envelope of the ring R with respect to the 
ideal rn^ . The right-pointing solid arrows are defined hy x ^ D*(x) on 
the sets of sections over the divided power thickenings R^^ —> Oj^ and 
Oj^ — 7> Op^. The top left-pointed horizontal arrow maps a homomorphism 
/ : SOT ^ to the homomorphism M = S'^^p^Q^ R^^ defined by s^m i-> 
sip{f{m)) and the middle left-pointed horizontal arrow is defined similarly. 
The bottom one is induced by the isomorphism \®ip : — > Fil^5Jti. 
The dotted arrow is the isomorphism • Q{0{^) — )• Tg(9?T). From the defi- 
nition, we see that the bottom square is commutative and thus the diagram 
is also commutative. Hence the lemma follows. □ 



3. Level one canonical subgroup 

In this section, we prove the following level one case of Theorem 11.11 

Theorem 3.1. Let the notation he as in SectionUl and suppose p > 2. Let 
Q be a truncated Barsotti-Tate group of level one, height h and dimension d 
over Ok with < d < h and Hodge height w = Hdg(^). 

(1) If w < p/(p+l), then there exists a unique finite flat closed subgroup 
scheme C of Q of order p'^ over Ok such that C x Spec(Oi^/m^ 
coincides with the kernel of the Frobenius homomorphism of Q x 
Spec(C'i^/m^^~"'). We refer the subgroup scheme C as the canonical 
subgroup of Q. Moreover, the subgroup scheme C has the following 
properties: 

(a) deg{g/C) = w. 

(b) Let C' be the canonical subgroup of . Then we have the equal- 
ity of subgroup schemes C = {Q/CY , or equivalently C{Oj^) = 
C'{Oj^)^ , where _L means the orthogonal subgroup with respect 
to the Cartier pairing. 

r^; c = ^(i_^)/(p_i) = gw(P-i)+. 

(2) Ifw < {p—l)/p, then the subgroup C{0 k) coincides with the kernel of 
the Hodge-Tate map HT;, : Q{Of^) — > cogv (^Oj^/rn^ for w / {p — 1) < 
b<l-w. 

(3) If w < 1/2, then C coincides both with the lower ramification sub- 
group scheme Qb for w/{p — 1) < b < {1 — w) / {p — 1) and the 
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upper ramification subgroup scheme Q^^ for pw/{p — 1) < j < 
p{l-w)/ip-l). 

Proof. Let W{k) be the Witt ring of an algebraic closure k of k. Choose 
a Cohen ring C{k) with residue field k and inclusions C{k) — ?> W{k) and 
C{k) Ok- Then the Oi^-algebra Ok' = Ok ®c(k) W{k) is a complete 
discrete valuation ring with residue field k and relative ramification index 
one over Ok- Note that finite fiat closed subgroup schemes V and V of Q 
of the same order over Ok coincide if and only if the map T> Q /V is zero 
and the latter can be checked after the base change to Ok'- Hence if we 
show the theorem for Q x Spec(Oi^/), then the upper ramification subgroup 
scheme C = QP^/(p~^^+ satisfies all the properties in the theorem. Therefore, 
replacing Ok with Ok', we may assume that k is perfect. 

We adopt the notation of the previous section. Let 9Jt be the object of 
the category Mod^g^ corresponding to G via the anti-equivalence Put 

Til = Tl/u''Tl and Fil^mti = (10 '^^,6k ^i)- identify the 

A;-algebras /s[[tt]]/(ii'^) and Ok by u i-)- vr, as before. As we have seen in 
Subsection 12. 3^ we have the exact sequence 

^ Fil^SOii 9Jti/Fil^Sr)li ^ 

of the category Mod^^^, where the O/^-module Fil^STRi {resp. 9Jti/Fil^5!Jti) 

is free of rank h — d {resp. rank d) and the equality Vp{det{ipp^ii^^^)) = w 
holds. 

We choose once and for all a basis ei . . . , e/i of SOT such that ei, . . . , Ch-d 
is a lift of a basis of the 0/^-module Fil^OJti to the A;[[ti]]-submodule (1 ® 
®ip,&i 9n) and Ch-d+i-, - - - -.^h is a lift of a basis of the Oi^-module 
5[Ri/Fil^9Jti. Then the elements ei, . . . ,eh-d-,u^e.h-d+i-, - - - ,u^eh form a basis 
of the A;[[w]]-module (1 (8) 9?) (Si <8'<^,ei ^) and we have 

Pi P2 

for some matrices Pi with entries in the ring where P^ is a d x d- 

matrix. Since the elements on the right-hand side also form a basis of 
(1 (8) ®ip,&i Tl), the matrix 

'Pi P2 

Ps Pa, 

is contained in GLh[k[[u]\). Moreover, since tt; < 1, we also have the equality 
?;„(det(Pi)) = ew and thus there exists a matrix Pi € Mh_ct{k'^u\\) satisfying 
PiPi = u^^Ih-d, where Ih-d is the identity matrix. Here we note that the 
number ew is a non-negative integer. 

For the uniqueness assertion in ([T]), we first show the following lemma. 

Lemma 3.2. Let T> he a finite flat closed subgroup scheme of Q over Ok 
and £ he the subobject of 9Jt in the category Modjg^ corresponding to the 



(p{ei, . . . ,eh) = (ei,...,efe) 
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quotient Q /T> via the anti- equivalence Q{—)- Then, for any i € with 
< i < 1, the following conditions are equivalent: 

(1) The subgroup scheme T> x Spec(C'x/'"T'x ) coincides with the kernel 
of the Frohenius homomorphism of Q x Spec(C'x/'"T'x*)- 

(2) £/u^^£ = FilifOTi/u"Tili93ti. 

Proof. Put = 9Jt/£, which is the object of the category Modjg^ cor- 
responding to the finite flat group scheme P. Note that the Frobenius 
map is compatible with any morphism between schemes of characteristic p, 
and that the kernel of the Frobenius of the truncated Barsotti-Tate group 
Q X Spec{OK /mj^^) is a finite flat closed subgroup scheme of order p'^. By 
Theorem 12. 21 (pj). we see that the kernel of the Frobenius of the group scheme 
T-L(dyt) X Spec(A;[[n]]/(u^*)) is also finite flat of rank p"^. Now the condition 
([1]) in the lemma is equivalent to saying that V x Spec(0/4'/m^*) is killed by 
the Frobenius and of order p'^. By Theorem 12.21 ([2|). this holds if and only if 
x Spec(fe[[ii]]/(u'^*)) is killed by the Frobenius and of order p'^, namely 
if the latter subgroup scheme coincides with the kernel of the Frobenius of 
n{m) X Spec(A;[[u]]/(u^*)). 

From the definition of the anti-equivalence 'H{—), we see that the Frobe- 
nius of ?^(9Jt/u^*9Jl) corresponds to the natural map 

Since Coker(l (p) = 9JIi/Fil"'^9Jti (8) ^[M]/!'^^*) is free of finite rank over 
A:[[it]]/(u'^*), the kernel of the Frobenius coincides with ^(Coker(l (g) ip)). 
Thus the subgroup scheme 'H{^/u'^^^) coincides with the kernel of the 
Frobenius of '^(an/n'^^SrR) if and only if fi/u^*!! = lm{l(S)ip) = Fil^aJti/u^Til^aJTi. 

□ 

By this lemma, the unique existence of C as in Theorem 13.11 ([T]) follows 
from the lemma below, by putting ^ = 9Jt/£ and C = 

Lemma 3.3. There exists a unique direct summand £, of the k[[u]]-niodule 
DJt which is free of rank h — d such that £ is stable under (p = (/jgjj and £ sat- 
isfies the condition ^ of Lemma \3.2\ for i = l — w. Moreover, the (p-module 
£ defines a subobject ofTl in the category Mod^^^ with Vu{det{ip£,)) = ew. 

Proof. Let £ be a direct summand of DJl satisfying the condition ([2]) of 
Lemma [312] for i = 1 — w. Let 6i, . . . , Sh^d be a basis of £. Then we have 

{di,...,dh-d) = [ei,...,eh) I ^e{i-w)Q 

with some B G Mci^h-d{k[[u]]) and B' G Mh_ii{k[[u]]). By multiplying the 
inverse of the invertible matrix Ih-d + u'^^^~'^^ B' , we may assume B' = 0. 
It is enough to show that there exists B uniquely such that the resulting 
£ is stable under 93 = Lp<xfi, and that £ defines an element of the category 
Modjg^ satisfying Vuidetips,) = ew. 
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Note that we have 

ipiSi, 5h-d) = (ei, . . . , e,) [J],^ J'p^ (n^f(i--~V(i?)) " 
Consider the equation 

(p{6i, ... , 5h-d) = (^1, • • • , Sh-d)D 
for D G Mh-dik[[u]]). This is equivalent to the following equations: 
r Pi + n^P(i-"')P293(-B) = D, 

From this we obtain the equation for B 

BPi = u'^^Ps - u'P^^-'"'>BP2ip{B) + u''"+^p'^^-'"^Pa^{B). 
By multiplying Pi, we have 

B = P3P1 - n^P(i-'")-^^PP2(^(P)Pi + u^P(^-"')P4(/^(P)Pi. 

The assumption w < p/{p + 1) implies the inequalities ep{l — w) — ew > 

and ep{l — w) > 0. Therefore we can solve this equation uniquely by 
recursion to obtain B and D satisfying the above equations. Moreover, 
we also have D = Pi{Ih-d + u'^p^^-'"^-"'" PiP2(p{B)) and the matrix Ih-d + 
^ep(i-«))-e«)p_^p^^^^^ -g iiivertible. Hence we see that the module £ defines 
an object of the category Modjg^ and Vu{det{ipz)) = ew. This concludes 
the proof of the lemma. □ 

By Lemma [231 (f3]) . we obtain the equalities deg(^/^(9T)) = deg(^(£)) = 
e~^Vuidet{ip2,)) = w and the part ([a]) of Theorem 13.11 follows . 

For the part ([b]), put Q = G x Spec{OK /fn^^~^). Since ^ is a truncated 
Barsotti-Tate group of level one, we have the equalities of finite flat closed 
subgroup schemes 

(Im(Pg-))^ = Im(Fgv) = Ker(Pg-v). 

Thus the subgroup scheme (^/C)^ x Spec{OK/m^^~^) coincides with the 
kernel of the Frobenius of By the uniqueness of the canonical subgroup 
we have just proved, we obtain the equality C = (G/C)'^ . 

Let us prove the part (jcj) . By Theorem 12.31 and the part ([b]) , it suffices 
to show the equality C = ^(i_^)/(p_i). By Theorem 12.21 (fT|). we are reduced 
to show the equality = ^(97t)(i-«,)/(p-i). For this, we identify an 

element of the group T-l{Tl){R) = Hom6i,ip(0H, P) defined by Cj 1— )• Xi for 

1 < i < h — d and Ch-d+i ^ Ui for 1 < i < d with a solution (x, y) = 
(xi, . . . , Xh-d, 2/1, • • • , yd) in R'^ of the equation 

fe'',E'') = feE)(4 „f|.,). 
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where we put = {x^, . . . , x^_^) and similarly for y^. We use the notation 
in the proof of Lemma 13.31 Then we can also identify the group 'H{£,){R) 
with the set of solutions z_= {zi, . . . , Zh-d) in R^~'^ of the equation 

zP = zD 

and the natural map %{^) — > is identified with the map (x, y) ^ z = 

x + u<^-'"^yB. 

Let (x,y) be an element of 7^ (01) (i?) = Kev{'H{m){R) ^'H{£.){R)). Then 
we have x + u'^^^''^^yB = and thus, by eliminating x from the equation 
for {x,y), we obtain 

yP ^ u<^-'"^y{u^'"P4 -BP2). 

Hence the inequality 

p min VR{yi) >l-w+ min VR{yi) 

l<i<d l<i<d 

follows, which implies VR{yi) > (1 — w)/{p — 1) and thus vii{xi) > p{l — 
w)/{p—l) for any i. This shows the inclusion C 

Conversely, let (x, y) be an element of ?^(57t)(i_^„)/(p_i) (i?). Then we can 
write (x, y) = u^^^~'^^^^P~^\a,b) with some tuples a, 6 in i? and a {p — l)-st 
root u'^(^~'^^^^P~^^ of u'^(^~'^^ in R. These tuples satisfy the equality 

u<^-^){gP,hP) = (a, 6) ( ^2 



LetfS' 3Ahei\.e inverse of the matrix I „ d ) • By multiplying this, 
V^3 WaJ \P3 Pa J 

we obtain 

and thus VR{xi) > p{l — w)/{p — 1) for any i. Let z be the image of the 
element (x, y) by the natural map 'H{^){R) — )• 'H{£){R). Then we have 
VR{zi) > p{\ — w)/{p — 1) > w/{p — 1). By Lemma [231 ([3]), the equality 
deg(^(£)) = w holds and Lemma 12.41 implies z = 0. Hence the inclusion 
^(9Jl)(i_^)/(p_i) (i?) C 'H(^)(R) follows and we conclude the proof of the 
part (jcj). 

For the assertion ^ of Theorem 13.11 let us assume w < {p — I) /p. Let h 
be a rational number with w/{p — 1) <b <1 — w. By the definition of the 
submodule £, we have a commutative diagram 

n{m){R) ^ 



?^(9Jt/u^(i-"')9JT)(i?/m|^) ^ ?^(£/u^(i-"')i;)(i?/m|^) 



n{Fil^'mi/u<^-'"^Fil^dJli){R/m'^^' 



CANONICAL SUBGROUPS VIA BREUIL-KISIN MODULES 



17 



whose upper right vertical arrow is an injection by Lemma 12.41 Therefore 
the assertion ([2]) follows from Lemma 12.61 

Finally, let us prove the assertion ([3]). Assume w < 1/2. Take i > 
w/{p — 1) and consider the commutative diagram with exact upper row 

— - c{Ok) g{Oji) {q/c){Ok) 



GiOji/mf) ^{g/C){Oji/mf). 

By Lemma 12.41 we have {G/C)i = and the right vertical arrow in the 
diagram is an injection. This implies the inclusion Gw/{p-i)+ ^ C. Thus we 
obtain the inclusions 

and the equality C = Qb holds for any b satisfying w/{p — 1) < b < {1 — 
w)/{p — l). The assertion for upper ramification subgroups follows from the 
part (jb]) and Theorem 12.31 □ 

4. Higher canonical subgroups 

In this section, we prove Theorem 11.11 and Corollarv ll.21 Though this can 
be done basically by repeating arguments in [1] , [8] and [22] , we give a proof 
here with necessary modifications for the convenience of the reader. First we 
recall the following two lemmas in whose proofs depend only on elemen- 
tary arguments and are independent of the theory of Harder-Narasimhan 
filtrations or Hodge- Tate maps developed there. Note that for Lemma |4.H 
the proof of [8, Theoreme 5] remains valid also for our subgroup scheme C 
by Theorem EDO- 

Lemma 4.1 ([8], Theoreme 5). Let G be a truncated Barsotti-Tate group of 
level two, height h and dimension d < h over Ok with Hdg(^) < l/(p + 1). 
LetC be the level one canonical subgroup ofG[p] constructed in Theorem \3.1\ 
Then the group scheme p~^C/C is a truncated Barsotti-Tate group of level 
one, height h and dimension d with i{dg{p^^C/C) = pHdg(^). 

Lemma 4.2 ([8j, Proposition 12). Let Q be a truncated Barsotti-Tate group 
of level n and dimension d over Ok- Let C be a finite fiat closed subgroup 
scheme of Q over Ok of order p^'^ . Suppose that we have the inequality 
deg(C) > nd —\. Then the group C{Oj^) is isomorphic to (Z/p"'Z)'^. 

Proof of Theorem \l.l\ We proceed by induction on n. The case of n = 1 
is Theorem 13.11 For n > 2, suppose that the theorem holds for any level 
less than n. By assumption, we have the level one canonical subgroup C 
of Q\p] as in Theorem 13.11 Then Lemma 14.11 implies that, for n > 2, the 
group scheme p~^"~^^C/C is a truncated Barsotti-Tate group of level n — 1 
over Ok with Hdg(p~^"~^''C/C) = pw. Using the induction hypothesis for 
p'^'^^^^C/C, we define the level n canonical subgroup Cn of Q to be the 
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unique finite flat closed subgroup scheme of Q over Ok containing C such 
that the quotient Cn/C is the level n — 1 canonical subgroup of p^^'^^^^C/C. 
Then Cn is of order p"*^. 

By the assertion on the Frobenius kernel for p^^^^^^C /C, we have the 
equality Cn = {F''-^)-\C^p"~'^) of fppf sheaves over Spec(C'ft:/mj^ ^ '^). 
Since the subgroup scheme C x Spec(Oi^/?n,|.^~^ ^) also coincides with 

the Frobenius kernel of Q x Spec(C'i^/m^^~^ we obtain the assertion 

on the Frobenius kernel for Q. 

Since the multiplication by p^~^ induces an isomorphism Q /p^^'^^^^C — )> 
G\p]/C, we have the equality 

deg(e/C„) = deg(^b]/C) + deg((p-("-i)C/C)/(C„/C)) 

and the part (jaj) of the theorem follows from the induction hypothesis. 

For the part (jb]), it is enough to show the Cartier pairing { , )g kills the 
subset CniOj^) X C'^{Oj^). Let C be the canonical subgroup of G'^ip]- By 
the construction of C'^, we have C C C'^ and C'JC C p-("'-^'^C' /C . For 
X G C{Ok) and y G C'^iOji), we have G C'(O^) and = 

(x,p"~^y)g[p] = by Theorem 13.11 ([b|). Thus the subgroup C^(C'^) is 
contained in €{0^)-^ = {Q/CY{Ok) C Q'^{Ok) and we have (x,y)g = 
^ S Cnl^x) ^'^'i y ^ ^n(^_ff)i where rr is the image of x in 
(^//C)(C'j^). Since we have an exact sequence 

n — 1 

^ p-("-i)c/c ^ g/c % gb]/c ^ 

and an isomorphism C ~ {Q[p\/CY of subgroup schemes of ^^[p], a similar 
argument on the side of implies the equality = (^j y)p-("-i)c/C' 

wherey istheimageofy by thesurjection (^/C)^(C'^) ^ (p"(""^)C/C)^(C'j^^ 
Moreover, we have an isomorphism {Q /CY — p^^'^^^^C of subgroup schemes 
of Q'^ fitting into the commutative diagram 

{G\p]/CY {G/cy (p-("-i)C/C)v 



Y 



^ c ^ — ^ ^-("-i^cvc' — ^ 0. 

Thus we obtain an isomorphism (j)~'^'^~^^C /CY p~'^^~^^C' /C and the 
equality {x,y)p-(,i-i)(2/(2 = holds by induction hypothesis. 

Moreover, for ii; < (p — 1)/ (p" — 1), the inequality deg(C„) = nd — w{p^ — 
1) / [p — 1) > nd — 1 holds by the part (jaj) and Lemma 14.21 implies the part 

o. 

Next we show the part (jej). By induction hypothesis, we have the subgroup 
scheme Ci of ^[p*] as in the theorem. Note that, by the part ([d]), a subgroup 
of CniOji) which is isomorphic to (Z/p^-^Z)'^ is equal to C„(0^)[p"-^]. 
Hence, by induction hypothesis, it is enough to check that Cn-i is contained 
in Cn- The case of n = 2 follows from the definition of Cn- Suppose n > 2. 
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For any i with 2 < i < n, the group scheme Ci/C is the level i — 1 canonical 
subgroup of the truncated Barsotti-Tate group p~^*~^^C/C of Hodge height 
pw. The inequality p{p — 1)/ (p" — 1) < (p—l)/ — 1) and the induction 
hypothesis imply that Cn-i/C is contained in C„/C. Thus the part Q follows. 

Let us show the assertion ([3]). Assume w < {p — and set /C„ to be 

the scheme-theoretic closure in Q of the subgroup Ker(HT„_^(p7i_i)/(p_i)). 
We have the inequality w/{p — 1) < 1 — e< 1 — wfore = wi^p^ — l)/{p — 1) 
and Theorem l3.1l (p|) implies that the kernel of the map HTi_£ : G\p]{Oj^) — > 
i^g[p]v (S> Oj^/m^~'^ is of order p'^. Using this, we can show that the order 
of the group scheme /C„ is no more than p"^'^, by an elementary argument 
just as in [HI Proposition 13]. On the other hand, we have a commutative 
diagram with exact rows 

. c(o^) g{Oji) {g/c){Oji) o 



HT 



HT 



HT 



9- Wcv (g) Oj^ ^ LOgv (g) Oj^ 9- CJ(g/c)v (g) O 



K 

where we put HT(x) = {x'^)* (dt/t) as before. Take x G C„(0^) and 
let X denote its image in (Q /C){Oj^). By the construction of C„ and in- 
duction hypothesis, we see that the element HT(a;) is killed by the ideal 
m^^^ p)/(p i)_ gj]^gg deg(C^) = w, we have mj^{ijjc"^ (g O^^) = 0. Hence 

the element WY{x) is killed by the ideal m^^^ ^^^^^ and we obtain the 
inclusion C„ C /C„, which implies the assertion ([3]) by comparing orders. 

Finally, the assertion (jj]) follows just as in the proof of [22^ Theorem 2.5], 
using induction hypothesis and assertions of the theorem we have already 
proved. This concludes the proof of Theorem II. li □ 

We can also prove the following result on anti-canonical isogenics, slightly 
generalizing [U Proposition 16]. 

Proposition 4.3. Let G be a truncated Barsotti-Tate group over Ok of level 
two, height h, dimension d with < d < h and Hodge height w = Hdg(t7). 
Suppose w < 1/2 and let C be the canonical subgroup of Q\p] as in Theorem 
\3.1[ Let V be a finite flat closed subgroup scheme of Q\p\ over Ok such that 
the natural map C{Of^) © T>{Oj^) — )• G[p]iOf^) is an isomorphism. 

(1) The truncated Barsotti-Tate group p^^T>/T> of level one has Hodge 
height Hdg(p~^I?/P) = p~^w. 

(2) The subgroup scheme Q[p\/T> is the canonical subgroup of p^^T>/T>. 

(3) deg{V) = p-^w. 

Proof. By a base change argument as before, we may assume that the residue 
field of X is perfect. Then, by [13^ Theoreme 4.4 (e)], there exists a 
Barsotti-Tate group F over Ok satisfying Q ~ F[p^]. 

Note that the truncated Barsotti-Tate group p^^V/D is also of height 
h and dimension d. The natural homomorphism C — >• Q\p]/T) induces an 
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isomorphism between the generic fibers of both sides. Now we claim that 
the group scheme x Spec(C7j^/m^^~"') is killed by the Frobenius. 

Indeed, let ^ and be the objects of the category Modjg^ corresponding 
to the finite flat group schemes C and ^[p]/!? via the anti-equivalence Q{—)-, 
respectively. By |18i Corollary 2.2.2], the generic isomorphism {Q\p\/T>Y — > 
corresponds to an injection (*Jt')^. Then the ©i-modules A'^OT^ 

and A'^(^Jt')'^ are free of rank one and we also have an injection f\'^^ 
A°'(9T')^. Hence we obtain the inequality r;„(det (/?(«j^/)v) < f„(det c/jg^v). By 
Theorem 13. II f b]). the object corresponds to the quotient Q[pY /C of the 
Cartier dual Q[pY by its canonical subgroup C . Thus Lemma 12.51 Q and 
Theorem 13.11 (faj) imply the equality ^^(det (/7f^v) = ew. From this and the 
definition of the dual object of the category Mod^g^, we see that the map 

ip<y\i is zero modulo u^^^~'^'> and the claim follows from Theorem 12.21 ([2|). 

Since the group scheme p~^'D/'D is a truncated Barsotti-Tate group of 
level one and dimension d, the group scheme in the claim coincides with the 
kernel of the Frobenius of the group scheme (p~^V/V) x Spec(C'i^/m^^~"'). 
Note the equality p~^iG[p]/'D) = Q/V of closed subgroup schemes of the 
truncated Barsotti-Tate group p^'^'D jD. Therefore the Frobenius induces 
an isomorphism of group schemes over Spec(C'x/'"T'x^~'") 

G{p\ ^ {g/v)/{g[p\/v) =p-\Q\p\iv)i{G\p\iv) ^ {p-^v/v)^p\ 

Considering the Hodge heights of both sides, we have the equality 

min{u;, 1 — = m.m{piidg{jp^^T> /T>) , 1 — w}^ 

from which the assertion ([T|) follows. The uniqueness of the canonical sub- 
group in Theorem 13.1 1 p!|) implies the assertion ([2]). The last assertion follows 
from the isomorphism ~ T) and Theorem 13.11 (faj). □ 

We give here remarks on the uniqueness of the canonical subgroup C„. 
Let ^ be a truncated Barsotti-Tate group over Ok of level n, height /i, 
dimension d and Hodge height w < l/(p"~^(p + 1))- Let P„ be a finite flat 
closed subgroup scheme of G over Ok- Then an induction and the uniqueness 
assertion in Theorem 13.11 p!|) show the following uniqueness of Cn- Suppose 
that there exists a filtration = Pq ^ ^ ^2 ^ ■ ■ ■ CI Vn-i C Vn of 
finite flat closed subgroup schemes over Ok such that Vi/Vi^i is killed by 

p, of order p'^ and its modulo rn^~^ ^ is killed by the Frobenius for any 
i. Then we have — • 

On the other hand, the following stronger uniqueness also holds for w < 
p{p — l)/{p'^~^^ — 1). Note the inequalities 

{p - l)/p^ < Pip - l)/(p"+i -l)<{p- l)/(p" - 1). 

Proposition 4.4. Let Q be a truncated Barsotti-Tate group over Ok of level 
n, height h, dimension d and Hodge height w < p{p — l)/{p'^~^^ — 1). Let 7)^ 
he a finite flat closed subgroup scheme of Q over Ok such that VniPK) — 
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{'L/p^'LY and the group scheme T>n x Spec(07i-/m^ ^ is killed by the 
n-th iterated Frobenius F^. Then we have Cn = Vn- 

Proof. We proceed by induction on n. The case of n = 1 follows from 
Theorem 13.11 ([1]). Suppose that n > 2 and the assertion holds for n — 1. 
Let Ci be the scheme-theoretic closure of Cn{Oj^)[p] in Cn and define Vi 
similarly. By Theorem 11.11 (jej), the subgroup scheme Ci is the canonical 
subgroup of Q[p]- First we claim Ci = T>i. For this, by a base change 
argument as before, we may assume that the residue field k oi K \s perfect 
and Q{Of^) = Q{Ok)- Suppose Ci ^ T>i. Then we can find a finite flat 
closed subgroup scheme £ of Q[p\ such that Ci{Of^) £{Of^) = Q\p\{Of^) 
and Vi{Of^) n £{Of^) ^ 0. Let T be the scheme-theoretic closure of the 
latter intersection in Q\p], which is a closed subgroup scheme of £. Let £, (£ 
and ^ be the objects of the category Modjg^ corresponding to Q[p]/Ci, £ and 

T, respectively. Since we have the inequality w < p{p — l)/{p^ — 1) < 1/2, 
Proposition 14.31 (i3l) implies ^^(dett/;^) < ?;„(det (/Jg) =p~^ew. On the other 
hand, since F is also a closed subgroup scheme of the n-th iterated 
Frobenius of J-" x Spec(0/4-/m^^~^ is zero. By Theorem 12. 21 (j2|). we see 
that the entries of a representing matrix of the map 

©1 <8>(^",6i 1? *3i ®^"-i,6i ^ • • • ©1 'Xi./p.ei ^ ^ ^ 

have u-adic valuations no less than e(l — p""^?/;). Taking the valuation of 
the determinant of this map, we obtain the inequalities 

l-p^-^w < e-\uidetip^)ip^ - l)/(p- 1) < - l)/(/ -p), 

which contradict the assumption on w and the equality Ci = T>i follows. 

Now the group scheme p^^^^^^Ci/Ci is a truncated Barsotti-Tate group of 
level n — 1, height /i, dimension d and Hodge height pw with the level n — 1 
canonical subgroup C^/Ci. The finite flat closed subgroup scheme T>n/Ci 

satisfies (Pn/Ci)(0^) ~ (Z/p^-^Z)'^ and its modulo m^^'^""^^ is kihed by 
pn-i^ Thus the induction hypothesis implies the equality Cn/Ci = Vn/Ci. 
This concludes the proof of the proposition. □ 

To show Corollary II. 2| we need a patching lemma for upper ramification 
subgroups, which is a slight generalization of pi Proposition 8.2.2]. Let 
K/Qp be an extension of complete discrete valuation fields and j be a posi- 
tive rational number. Let X be an admissible formal scheme over Spi{OK) 
which is quasi-compact and X be its Raynaud generic fiber. For a finite 
extension L/K, an O^-valued point x : Spf(C'L) X and an ideal of 
Ox, we let J^{x) denote the ideal of Ol generated by the image of . The 
p-adic valuation of a generator of this ideal is denoted by Vp{,y{x)). For any 
X G X{L), we let x also denote the map Spf(OL) X obtained from x by 
taking the scheme-theoretic closure and the normalization. 

Lemma 4.5. Let the notation be as above. Let & be a finite locally free 
formal group scheme over X, G be its Raynaud generic fiber and ^ be a 
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coherent open ideal of Ox- Then there exists an admissible open subgroup 
Q3-^+ of G such that for any finite extension L/K and x € X{L), the fiber 
Gx ^ coincides with the generic fiber of the upper ramification subgroup 
scheme of the finite flat (formal) group scheme 'Sx = *5 ^x,x 

Spf(OL) overOi- 

Proof. By replacing j£ by the admissible blow-up of X along the ideal 7^, we 
may assume that the ideal % is invertible. It suffices to show the existence of 
an admissible open subgroup as in the lemma locally. Thus we may assume 
that X = Spf(i3) is affine, the ideal % is generated hy h £ B and there exists 
a closed immersion of to a projective abelian scheme A over Spec(-B), by a 
theorem of Raynaud ([3l Theoreme 3.1.1]). Let ^ be the formal completion 
of A along the special fiber, P be its Raynaud generic fiber and be the 
defining ideal of the closed immersion (5 For positive rational numbers 

j and j' , write j = m/n and j' = m'/n with positive integers m,m',n and 
put ^ = J"^ ^p^'h^Oi^. Let 5S be the admissible blow-up of ^ along 
the ideal ^ and 3™'™ be the formal open subscheme of 5S where p^ h"^ 
generates the ideal ^ 0<q. 

The Raynaud generic fiber of 3™'™' is the admissible open subset of 
P whose set of -^-valued points is given by 

{y e P{K)\vp{J^{y)) > jvp{h{y)) + j'} 

and it is independent of the choice of m,m',n. We write this Raynaud 
generic fiber as Z^^~^^ . We claim that the admissible open subset Z^^^^ 
is a rigid-analytic subgroup of P. For this, take a finite extension L/K 
and X € X{L). It is enough to show that the fiber (^Z^^^^ )x is a rigid- 
analytic subgroup of Px- This is the admissible open subset of Px consisting 
of y G Px{L) such that the inequality VL{J^{y)) > e{L/Qp){jvp{h{x)) + j') 
holds, where is the normalized valuation of L. Taking a sufficiently large 
L, we may assume that the constant e{L/'Qp){jvp{h{x)) + j') is an integer. 
Then the universality of the dilatation implies the claim, as in the proof of 
P Proposition 8.2.2]. 

By [U Proposition A. 1.2], there exists an admissible open subgroup Z^^~^^ 
of Z^'^'^^ such that for any x € X{K), the fiber [Z^^^^ '^)x coincides with 
the unit component {zi^~^-^ )^ of the rigid-analytic group Z^f^^-^ . Put 

i'>o j'>o 

and G^'^^ = G n Z^^~^'^. These are admissible open subgroups of P and 
G, respectively. To show that G^'^'^ satisfies the property as in the lemma, 
it is enough to show that, for any finite extension L/K and x € X{L), 
the fiber {Z^^^^')x is naturally isomorphic to the tubular neighborhood 
XjMK^))+i\i^^ ^ 3) of a closed immersion from ^x to a formal affine 
scheme 3 which is an object of the category SFA©^ ([U Notation 1.5]). 
Take x € X{L). Since A is projective and 6a; is finite over Ol, there exists 
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an affine open subscheme lAx of Ax such that the closed immersion &x Ax 
factors through Ux- Let Ux be its formal completion along the special fiber 
and Ux be its Raynaud generic fiber. Then Ux is an object of the category 
SFAc)^ . Moreover, Ux is a formal affine open subscheme of ^x through which 
the closed immersion (3x — >■ *Px factors and the restriction (Z^'^~^^')x\uj: co- 
incides with the tubular neig hborhood X-''^''(^(^))+^'((5^ ^ Ux)- Therefore 
we are reduced to show the equality (^Z^^^^ )x\ux ~ {Z^^^^ )x- For this, 
take y E [Zi^+^')x{L). Then we have Vp{J^ (y)) > jvp{h{x)) + f > 0. Put 
^x\l^x = ^i'-^x) with some ideal J^^ C Otp^ . Let ^ix and y denote the special 
fibers of ^ix and y, respectively. Consider the inverse image J^x {resp. ^x) 
of J'x {resp. J!^) in Since V{Jx) n V{J!^) = 0, we have Jx + = (1) 
in any open affine neighborhood of the image of y in "^x- Thus the image is 
not contained in V{J^x) and we obtain y G (^i'^+i )x\ux- ^ 

Proof of Corollary Define a positive rational number j and an open 
coherent ideal Jif of Ox by j = pip"" - l)/{p - 1)^ and = Ra^{&[p]) {\^ 
2.2.2]). We define C„ to be the admissible open subgroup G^'^~^ of G as in 
Lemma B31 Then, by Theorem 11.11 f[c]) and (jl]), each fiber {Cn)x coincides 
with the generic fiber of the level n canonical subgroup of &x- Since G is 
etale over X, the admissible open subgroup C„ of G is also etale over X. 
Since its fibers over X(r„) are isomorphic to the group by Theorem 

11.11 (jd]), [T, Lemme A. 1.1] implies that C„ is finite over X(r„). Hence the 
rigid- analytic group Cn over X{rn) is etale locally constant, and thus etale 
locally on X{rn) this is isomorphic to the constant group (Z/p"Z)"'. □ 
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